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Anderson localization in two-dimensional topological insulators takes place via the so-called levi-
tation and pair annihilation process. As disorder is increased, extended bulk states carrying opposite
topological invariants move towards each other in energy, reducing the size of the topological gap,
eventually meeting and localizing. This results in a topologically trivial Anderson insulator. Here,
we introduce the anomalous levitation and pair annihilation, a process unique to periodically-driven,
or Floquet systems. Due to the periodicity of the quasienergy spectrum, we find it is possible for
the topological gap to increase as a function of disorder strength. Thus, after all bulk states have
localized, the system remains topologically nontrivial, forming an anomalous Floquet–Anderson in-
sulator (AFAI) phase. We show a concrete example for this process, adding disorder via onsite
potential “kicks” to a Chern insulator model. By changing the period between kicks, we can tune
which type of (conventional or anomalous) levitation-and-annihilation occurs in the system. We ex-
pect our results to be applicable to generic Floquet topological systems and to provide an accessible
way to realize AFAIs experimentally, without the need for multi-step driving schemes.
Introduction — In fully coherent systems, disorder
leads to a loss of metallic conduction and a transition
to a localized state: the Anderson insulator (AI) [1, 2].
In three dimensions, this is a gradual process. For small
disorder, each energy band is split by so-called mobility
edges to a middle part with extended states and outer
parts with localized states, whose localization length di-
verges at the mobility edges. As disorder is increased,
the central, extended part of each band shrinks, and
eventually the two mobility edges meet and the bands
become localized. In contrast, in generic one- and two-
dimensional systems, already an arbitrarily weak disorder
is enough to localize all bulk states.
Shortly after the discovery of the quantum Hall effect
[3], it was realized that two-dimensional Chern insula-
tors also require a finite amount of disorder to localize,
but through a different type of transition [4]. In bands
with a nonzero Chern number, although almost all bulk
eigenstates can be (and are) exponentially localized, the
localization length diverges at isolated energies: extended
states “carry the Chern number” [5–7]. As found by
Laughlin [4], the extended bulk states carrying opposite
Chern numbers “levitate” towards each other in energy
when disorder is gradually increased, and eventually “an-
nihilate” pairwise, so Anderson localization sets in [8].
Since the topological edge states only occur within the
mobility gap between the extended bulk states, the pair
annihilation leads to a topologically trivial system.
In the last decade, it was found that robust extended
edge states and complete bulk Anderson localization can
coexist in periodically driven systems, so-called anoma-
lous Floquet–Anderson insulators (AFAI) [10–12]. Even
if all quasienergy bands have zero Chern numbers, Flo-
quet insulators can have topologically protected chiral
edge states, which wind in quasienergy [12–21]. Since
the bands are trivial, arbitrarily weak disorder leads to a
Figure 1. When increasing disorder, the extended states
separating topological and trivial quasienergy gaps levitate
towards each other, eventually annihilating pairwise (white
star). The conventional form of this process leads to the elim-
ination of the topological gap, resulting in a trivial Anderson
insulator (AI, left panel). The anomalous levitation and pair
annihilation, in which the trivial gap shrinks, leaves behind an
anomalous Floquet–Anderson insulator (AFAI, right panel).
The background colors are numerically obtained by comput-
ing the transmission, as explained in the main text [9].
fully localized bulk, while leaving the chiral edge states
extended [10–12]: There is no levitation-and-annihilation
in such anomalous Floquet topological insulators.
In this paper, we revisit Laughlin’s result on Ander-
son localization in the context of Floquet Chern insu-
lators [22–34]. The quasienergy bands of these systems
carry Chern numbers, and hence we expect a levitation-
and-annihilation scenario [35]. However, even in the sim-
plest, two-band models, there are two different ways in
which extended states carrying opposite Chern numbers
can meet and annihilate. Due to the periodic spectrum,
the extended states can levitate towards each other by re-
ducing the size of the topological gap (the conventional
scenario) or by increasing it instead (see Fig. 1). Thus,
disorder can induce a transition from a Floquet Chern
insulator not only to an AI, but also to an AFAI. We
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2Figure 2. (a) The model Hamiltonian: One unit cell (gray
square) contains two sites, belonging to the A and B sub-
lattice (filled/empty circle). Bravais vectors ax,y are indi-
cated as blue arrows. Nearest-neighbor hopping amplitudes
along/against the arrows are v1(1 + i) and v1(1 − i), respec-
tively. Next nearest neighbor hopping amplitudes are +v
along the dashed lines and −v along the dotted lines. (b)
Dispersion relation computed for v1 = v in a ribbon geome-
try, infinite along ax and consisting of 20 unit cells in the ay
direction. Top/bottom edge modes are shown as dashed/solid
black lines, respectively.
show this in the following using a toy model for a Flo-
quet Chern insulator, in which both scenarios of levita-
tion and annihilation happen, and find a simple rule of
thumb for when to expect either scenario.
System — We consider a tight-binding model on a
square lattice, with Hamiltonian [36]
Hˆ0 =v1(1 + i)
∑
r
(
|Ar〉 〈Br|+ |Ar+ax+ay 〉 〈Br|+
|Br〉 〈Ar+ax |+ |Br〉 〈Ar+ay |
)
+ v
∑
r
(
|Ar〉 〈Ar+ax | − |Ar〉 〈Ar+ay |+
|Br〉 〈Br+ay | − |Br〉 〈Br−ax |
)
+ h.c, (1)
where |Ar〉 and |Br〉 denote sites on the A and B sub-
lattice in the unit cell (see Fig. 2) with coordinates
r = Nxax + Nyay, with Nx, Ny ∈ Z. We measure en-
ergy in units of v, time in units of 1/v (~ = 1 through-
out), and distance along x and y in units of |ax| and |ay|.
The two energy bands are symmetric around E = 0 be-
cause trHˆ0(k) = 0. For the most part of this paper we
will use v1 = v, where the bands have Chern numbers
±1, and thus the gap separating them is topological, i.e.,
hosts one branch of chiral edge states. Here, as Fig. 2(b)
shows, the bands are relatively flat: their bandwidths,
1.17v are much smaller than the band gap ∆ = 5.66v.
We add disorder to the hopping model in the form of
periodic onsite potential kicks,
Hˆ(t) = Hˆ0 + wHˆdis
∑
n∈Z
δ(t− nT ), (2)
The time period T separates the kicks, which have a
Figure 3. Floquet spectrum of Eq. (4) with v1 = v in the
clean limit, w = 0, in a repeated Floquet zone scheme. Tun-
ing the time period T has no physical effects here, it only
changes our description of the same physics, described by the
constant Hamiltonian Hˆ0 – as in the first step of the nearly
free electron approximation of crystalline solids. Hatching in-
dicates the presence of edge states in a gap. Increasing the
period T , bands cross over between Floquet zones, delimited
by thick horizontal lines. This results in a sequence of topo-
logical phase transitions: gaps are closed and reopened (even
if in this undriven case no transitions between bands happen),
with the number of edge states in them increasing by 2 each
time [37]. Vertical dashed lines indicate periods for which the
gaps are equal, T = nTc with n = 1, 3, 5.
strength w ∈ R and are spatially random,
Hˆdis =
∑
r
(ξr,A |Ar〉 〈Ar|+ ξr,B |Br〉 〈Br|) , (3)
with ξr,A/B random numbers drawn independently for
each lattice site, uniformly distributed with −1 ≤ ξ ≤ 1.
Note that the delta function in Eq. (2) has units of inverse
time, or energy, such that both w and ξ are dimensionless.
The Floquet spectrum is the spectrum of the Floquet
operator, Fˆ , the time evolution operator of one period,
Fˆ = T e−i
∫ T
0
Hˆ(t′)dt′ = e−iwHˆdise−iHˆ0T , (4)
where T denotes time ordering. Eigenstates of Fˆ – the
Floquet eigenstates – pick up phase factors of e−iεT dur-
ing each period, where the quasienergy ε takes values in
[−pi/T, pi/T ] – the Floquet zone, in analogy with the Bril-
louin zone. In the limit of maximal disorder, w = pi, the
kicks randomize quasienergy completely, meaning that
all disorder-averaged properties of the model are inde-
pendent of quasienergy.
As a first step to understanding the effects of the pe-
riodic kicks, we take the limit of vanishing kick strength
w → 0, similarly to the way lattice effects are treated
in the nearly free electron model of crystalline solids.
This amounts to time evolution using the static Hamil-
tonian, Hˆ0, but calculating the effects only at integer
multiples of a time period T . In the absence of kicks,
the time period T does not change any of the physical
properties of the system, only the type of information
3we can extract from it: any eigenstate of Hˆ0, with en-
ergy E, is also an eigenstate of Fˆ . The corresponding
quasienergy is ε = E, projected into the first Floquet
zone, i.e., ε = [(ET + pi) mod (2pi)− pi] /T . Like in the
nearly free electron model, we will use a repeated Floquet
zone description here, and for simplicity sometimes argue
using the “phase per period” εT – which is the same as
the quasienergy ε measured in units of 1/T .
Topology — Even in the limit of vanishing kick
strength, w → 0, the time period T can be used to
tune the topological invariants of the system, the wind-
ing numbersW [14] of the quasienergy gaps. To see this,
we follow the quasienergy bands in a repeated Floquet
zone scheme, in Fig. 3. For T < 0.25pi/v, all the energy
spectrum of Hˆ0 fits in the first Floquet zone, including
edge states. Thus the quasienergy spectrum consists of
Floquet replicas of the lower and upper band, together
with the edge states between them, and the gap around
ε = 0 is topological, whereas the gap at the Floquet zone
boundary, ε = pi/T , is trivial. As T is increased, the
gap at ε = 0 grows relative to the gap at ε = pi/T , and
eventually overtakes it at a critical period time,
Tc =
pi
2E1/2
=
pi
(4 + 2
√
2)v
≈ 0.15pi
v
, (5)
where E1/2 is the band center, the average of the mini-
mum and maximum energies of the upper band [37]. At
around T ≈ 2Tc the bands cross the Floquet zone bound-
aries: the ε = pi/T gap closes, and when it reopens, hosts
edge states coming from the first as well as from the sec-
ond Floquet zones. Thus, the winding number of this
gap changes from 0 to 2. Further increasing T leads to a
sequence of similar transitions at T = 2nTc, at ε = 0 for
even n and ε = pi/T for odd n.
Disorder — To investigate how disorder w affects the
system we calculate the two-terminal transmission G us-
ing the Kwant code [37, 38]. We consider a finite system
of L × L unit cells, with either periodic or open bound-
ary conditions in the ax direction, and semi-infinite leads
attached at the top and bottom, modeled as absorbing
terminals at Ny = 1 and Ny = L. The two-terminal
scattering matrix Sˆ reads [39]
Sˆ(ε) = Pˆ [1− eiεFˆ(1− PˆT Pˆ )]−1eiεFˆ PˆT , (6)
where Pˆ is the projection operator onto the absorbing
terminals. The total transmission G(ε) can be extracted
from the scattering matrix S(ε):
G = tr(t†t), S =
(
r t′
t r′
)
, (7)
where r(′) and t(′) are the blocks containing probability
amplitudes for back-reflection, or transmission between
the two terminals, respectively, whose dependence on ε
was suppressed for readability. With periodic boundary
Figure 4. Phase diagram of the transmission G depending
on disorder w and period T , at quasienergy ε = 0 (a-b) and
ε = pi (c-d). The boundary conditions along x are periodic
in (a) and (c), and open in (b) and (d). Transmissions are
calculated for a system size of 20 × 20, with v1 = v, and by
averaging over 50 disorder realizations. Dashed lines show the
analytically predicted phase transition points, as described in
the main text.
conditions and at maximal disorder, w = pi, the trans-
mission is quasienergy-independent, such that a vanish-
ing transmission at any value of ε indicates total local-
ization of all bulk states. Changing to open boundary
conditions, for an AFAI phase with topological invari-
ant W, topologically protected edge states will appear,
constitute completely open channels for transport, and
contribute integer values to the total transmission, with
G(ε) = |W| for all ε. Alternatively, the invariant W can
be obtained as the winding of the determinant of the
reflection part r of the scattering matrix [37, 39, 40].
The calculated values of the transmission (see Fig. 4)
show that, depending on the period T , increasing dis-
order strength can lead to a transition to an AI or an
AFAI, with either the usual or the anomalous levitation-
and-annihilation scenarios of Fig. 1. For T  0.25pi/v,
we find the first scenario: in Fig. 4(a) the mobility gap
at ε = 0 closes and reopens as two extended states car-
rying the Chern numbers meet and annihilate, while the
winding number of this gap changes from 1 to 0, as evi-
denced in Fig. 4(b). We show an example in more detail,
for T = 0.1pi/v, in Fig. 1. For a range of period times
(0.15pi/v < T < 0.45pi/v), we find the second scenario,
a transition to AFAI via an anomalous levitation and
annihilation: in Fig. 4(c), the mobility gap closes and
reopens at ε = pi/T , and edge transmission indicates a
winding number of 1 in the w = pi limit, in Fig. 4(b) and
(d). An example, with T = 0.2pi/v, is shown in Fig. 1.
For longer drive periods we observe hints of transitions
to AFAI phases with higher winding numbers: around
4Figure 5. Phase diagram of the transmission with maxi-
mal disorder, w = pi. With (a) periodic boundary conditions,
white regions of low transmission, separated by ridges, are
the AI and AFAI phases. The phase boundaries are well ap-
proximated by the analytical predictions (dotted lines), where
w = 0 gaps have equal sizes. With (b) open boundary condi-
tions, we can read off the topological invariants of the Ander-
son localized phases via the quantized value of transmission.
The system size is 20 × 20, and each point is obtained by
averaging over 50 disorder realizations.
T ≈ 0.5pi/v, of W = 2, and around T = 0.9pi/v, possibly
W = 3, although with substantial finite size effects.
We find a simple rule of thumb to predict whether
maximal disorder (w = pi) leads to an AI or an AFAI:
the winding number W of the fully localized phase at
w = pi is given by the winding number of the dominant
gap in the case without disorder, w = 0. We thus ex-
pect phase transitions between AI and AFAI to occur at
T = (2m + 1)Tc, with m ∈ N and Tc given by Eq. (5).
This is already seen in the data of Fig. 4, where the
dashed lines showing the expected transitions agree well
with the data. However, it also holds in the more general
case, with v1 6= v in the Hamiltonian of Eq. (1), as shown
in Fig. 5. Here, we again find good agreement between
the numerically obtained phase transitions and the con-
dition T = (2m + 1)Tc, now with Tc depending on v1
in a piecewise linear fashion (see Supplemental Material
[37]).
Conclusion and discussion — We have shown that
one can realize the AFAI, i.e., full Anderson localiza-
tion in the bulk and topologically protected edge states,
by adding disorder in the form of onsite potential kicks
to a Chern insulator. The transition to the AFAI phase
takes place via an anomalous form of the levitation-and-
annihilation of extended states carrying the Chern num-
bers, different from previously studied cases [10, 41, 42].
The winding number of the fully disordered w = pi sys-
tem is simply given by the winding number of the largest
quasienergy gap at w = 0. It would be interesting to
explore whether this simple rule still holds in models
with more than two bands. It would also be interest-
ing to consider this process in different symmetry classes,
where weak antilocalization can lead to metallic phases,
in higher-order topological insulators [43–47], or in quan-
tum walks [48, 49]. Finally, we believe that our approach
of using onsite potential “kicks” might offer an experi-
mentally more viable route towards AFAI phases than
the ones relying on more complicated, multi-step driving
protocols.
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In this Supplemental Material, we include some numerical and analytical results that support or
illustrate how various anomalous Floquet-Anderson insulator (AFAI) phases are reached by adding
disordered onsite kicks at regular time intervals to a Chern insulator. For a ribbon geometry with no
disorder, we show how the dispersion relation and the transmission eigenvalues depend on the period
time. We also include the analytical calculations of the minima and maxima of the energy bands.
For the case of maximal disorder, we investigate numerically two examples of AFAI phases with
winding number of W = 1 and W = 2, calculating the transmission eigenvalues and the winding of
the reflection matrix.
FLOQUET SPECTRUM OF THE CLEAN
SYSTEM WITH EDGE STATES
For any Chern insulator, when observed only periodi-
cally, the mere choice of period T can change the topolog-
ical invariants of the Floquet spectrum, even though the
Chern numbers do not depend on T . We discussed this
in the main text, and illustrated it in the repeated Flo-
quet zone representation in Fig. 3. We now complement
this discussion with bandstructure plots of the Floquet
model discussed in the main text, using a ribbon geom-
etry (infinite along ax), for various values of the period
T , in the first Floquet zone.
In the clean limit, w = 0, we show four examples of
quasienergy spectra in Fig. 1, with different values of
period time, (a): T = 0.2pi/v; (b): T = 0.4pi/v; (c):
T = 0.6pi/v; (d): T = 0.8pi/v. In case (a), the phase
picked up during one period for all energy eigenstates
is |Tε| < pi. Here the Floquet spectrum is the same as
the static spectrum (Fig. 2 in the main text), with the
two bulk bands and the two edge states in between. In
case (b), the period has been increased to T = 0.4pi/v,
the Floquet zone has shrunk, and thus both quasienergy
bands have crossed the ε = ±pi/T boundaries. As a
result, the edge states now wind in quasienergy. In case
(c), we have a still larger period, T = 0.6pi/v, and the
quasienergy gap around ε = 0 closes. In case (d), with
T = 0.8pi/v, this gap has reopened, and there are 3 edge
states crossing it on both edges.
We show the transmission eigenvalues, i.e., the contri-
butions of all channels to the transmission G(ε), calcu-
lated at all quasienergies for the four cases (a-d) of the
previous paragraph, in Fig. 2. For quasienergy values
in the bulk gaps, for all the cases (a-d), the transmis-
sion eigenvalues (black), i.e., eigenvalues of t†t, are 0 or
1, corresponding to completely closed channels of trans-
mission across the bulk, and completely open channels of
transmission via edge states. In the bulk gaps, the total
transmission G = tr
(
t†t
)
(red) is thus just the number
of completely open edge state channels. For quasienergy
Figure 1. Quasienergy spectrum of the Floquet operator Fˆ of
Eq. (4) of the main text, setting v1 = v and w = 0. A ribbon
geometry was used (infinite along ax, 60 unit cells along ay),
with bulk bands colored according to whether they correspond
to upper or lower bands in the Hamiltonian Hˆ0, and edge
states on the upper/lower edge shown in dashed/solid lines.
In (a), the period is short, T = 0.2pi/v, and the quasienergy
spectrum is the same as the spectrum of the Hamiltonian
(cf. Fig. 2 of the main text). In (b), with T = 0.4pi/v, the
quasienergy bands have crossed the Floquet zone boundary.
In (c), with T = 0.6pi/v, the gap around ε = 0 is closed,
while in (d), with T = 0.8pi/v, the gap at the Floquet zone
boundary is closed.
values in the bulk bands, transmission eigenvalues take
values between 0 and 1, corresponding to partially open
channels across bulk. The total transmission G is here
not quantized, and has no obvious relation to the number
of channels.
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2Figure 2. Total transmission G(ε) (red) and individual trans-
mission eigenvalues (black) as a function of quasienergy for
the Floquet system Fˆ with open boundary conditions, setting
v1 = v and w = 0. The period times are (a) T = 0.2pi/v, (b)
T = 0.4pi/v, (c) T = 0.6pi/v and (d) T = 0.8pi/v. Edge states
are completely open channels with transmission eigenvalues of
1, and bulk states are partially open channels (transmission
eigenvalues < 1) for quasienergies in bulk bands, or closed
channels (vanishing transmission eigenvalues) for quasiener-
gies in the bulk gaps. A system size of 20× 20 unit cells was
used.
BAND CENTER OF THE MODEL
HAMILTONIAN WITH GENERAL
PARAMETERS
Our analytical predictions for the phase transitions be-
tween AI and AFAI phases in the main text relied on the
band center, computed as the average of the maximum
and minimum energy values of the upper band of the
Hamiltonian. In this Section we detail how we obtained
these analytically.
We write the Hamiltonian of Eq. (1) in the main text
in quasimomentum-space, in a sublattice basis. It is a
2× 2 matrix of the form
Hˆ0(kx, ky) = h(kx, ky) · σˆ, (1)
with
h1(kx, ky) + ih2(kx, ky) =v1(1− i)[1 + ei(kx+ky)]
+ v1(1 + i)[e
ikx + eiky ],
h3(kx, ky) =2v(cos kx − cos ky).
(2)
Here the σˆ is the formal vector composed of the 2×2 Pauli
matrices describing the sublattice degree of freedom.
Since the energy in the upper band, E+(kx, ky), is a
smooth function of the quasimomenta kx and ky in the
Brillouin zone, we can find its local maxima and minima
from stationary points. A stationary point of an analyt-
ical function E+ is defined by
∂E+
∂kx
= 0; and
∂E+
∂ky
= 0. (3)
A stationary point corresponds to a local extremum if
the discriminant of the Hessian is positive, i.e.,
∂2E+
∂k2x
∂2E+
∂k2y
−
(
∂2E+
∂kx∂ky
)2
> 0. (4)
A stationary point that is a local extremum is a local min-
imum or maximum depending on the sign of the second
derivative of the energy along any of the quasimomenta,
i.e., maximum if
∂2E+
∂k2x
< 0, (5)
and minimum otherwise.
In our case, the stationary points are at 8 highly sym-
metric points in the Brillouin zone: 4 points where kx
and ky is either 0 or pi, and 4 points where kx and ky are
±pi/2. We obtain
max(E+) =
{
4v, if 0 < v1 < v;
4v1, if v < v1;
(6)
min(E+) =
{
2
√
2v1, if 0 < v1 <
√
2v;
4v, if
√
2v < v1.
(7)
We can then calculate the band center,
E1/2 =
maxE+ + minE+
2
, (8)
and find,
E1/2 =

√
2v1 + 2v, if 0 < v1 < v;
(2 +
√
2)v1, if v < v1 <
√
2v;
2v1 + 2v, if
√
2v < v1.
(9)
TRANSMISSION AND TOPOLOGY IN THE
FULLY DISORDERED LIMIT
We have shown that adding completely disordered on-
site potential kicks to a Chern insulator Hamiltonian can
result in AFAI phases with different topological invari-
ants (winding numbers)W. We now further substantiate
these findings with a more in-depth numerical study of
two concrete examples of AFAI, with winding numbers
of 1 and 2. Both examples are obtained from the Hamil-
tonian Hˆ0 of the main text, with v1 = v, and with onsite
potential kicks with maximal disorder w = pi. The dif-
ference between the two examples is in the time period
T separating the kicks:
(a) T = 0.29pi/v ' 2Tc leading to W = 1, and
3Figure 3. Quasienergy-dependent transmission G(ε) of the
periodically kicked system, with v1 = v and w = pi, setting
(a) T = 0.29pi/v, and (b) T = 0.58pi/v. The transmission was
calculated with both periodic and open boundary conditions,
for 100 disorder realizations on systems of size 100× 100 unit
cells. The disorder-averaged transmission (continuous lines,
thickness represents error bars) indicates Anderson localiza-
tion of the bulk and topological invariants of 1 in (a) and 2
in (b), at all quasienergies. For the case (b), we observe rela-
tively large sample-to-sample fluctuations of the transmission
values both with open (red dots) and with periodic boundary
conditions (black dots).
(b) T = 0.58pi/v ' 4Tc leading to W = 2.
We chose period times close to T ≈ 2Tc and T ≈ 4Tc,
where there is only one, large gap in the w = 0 case,
and therefore we expect the localization length in the
fully disordered w = pi case to be short. We now
characterize these different AFAI phases by calculating
the quasienergy-dependent total transmissions, and the
winding numbers of the reflection matrix.
We begin with the total transmissions, G(ε) =
tr
[
t(ε)†t(ε)
]
. We calculated these for the two cases (a)
and (b) with w = pi, averaging over 100 random disorder
realizations for each point, on systems of size L = 100,
and show the results in Fig. 3. The numerics indicates
total Anderson localization of the bulk in both cases,
since with periodic boundary conditions, the disorder-
averaged transmission at all quasienergies is small in both
(a) and (b). We do see finite-size effects for case (b), with
total transmission almost reaching 1 at some quasiener-
gies with some random realizations of disorder. Switch-
ing to open boundary conditions, we obtain a quantized
increase in the disorder-averaged total transmission at
every quasienergy for both cases, by 1 and by 2, cor-
responding to the presence of 1 or 2 chiral edge modes.
Note again the sample-to-sample fluctuations in case (b),
which we attribute to finite-size effects.
Topological invariant — A robust numerical tool to
compute the topological invariant of an insulating bulk
(translation invariant or not) is the winding number of
the reflection matrix [1, 2]. The reflection matrix is the r
component of the scattering matrix defined in the main
text. We need to take twisted boundary conditions, i.e.,
periodic boundary conditions (cylinder geometry), but
with all hopping amplitudes crossing the boundary right-
ward or leftward multiplied by eiφ or e−iφ, respectively.
This is equivalent to threading a flux φ through the cylin-
Figure 4. Clean case: Dependence of the phase of the
determinant of the reflection matrix r(ε, φ) on the phase φ
used to twist the boundary conditions, for the Floquet model
with v1 = v and w = 0. We calculated the reflections at
quasienergy ε = 0 (black) and ε = pi/T (red), for a sys-
tem size of 40 × 40. In (a), T = 0.29pi/v, there is a gap at
ε = 0, with continuously winding value of det r, but no gap
at ε = pi/T , and hence a discontinuous phase of det r. In (b),
T = 0.58pi/v, the situation is reversed, with clear winding of
2 at ε = pi/T , but a discontinuous curve at ε = 0.
Figure 5. Disordered case: Dependence of the phase of the
determinant of the reflection matrix r(ε, φ) on the phase φ
used to twist the boundary conditions, for the Floquet model
with v1 = v and w = pi. We calculated the reflections at
quasienergy ε = 0 (black) and ε = pi/T (red), for a single
realization of disorder, using a system size of 40 × 40. Be-
cause of the fully Anderson localized bulk, det r(ε, φ) = 1 at
all quasienergies, and hence we unambiguously observe the
winding numbers: in (a), with T = 0.29pi/v, of W = 1; and
in (b), with T = 0.58pi/v, of W = 2.
der. The winding number W is
W(ε) = 1
2pii
∮ pi
−pi
dφ
d
dφ
log det[r(ε, φ)]. (10)
For ε in a quasienergy gap of a clean system, this wind-
ing number gives the topological invariant of the gap
[2–4]. In the periodically kicked Hamiltonian with com-
pletely disordered kicks, w = pi, if the bulk is Anderson
localized, the winding number of the reflection matrix
is quasienergy-independent and gives the topological in-
variant.
We illustrate how the calculation of the winding num-
ber works by showing how the determinant of the reflec-
tion matrix winds as the phase φ is tuned, for the cases
(a) and (b) above. We first show this winding for the
clean case, w = 0, at quasienergies in the middle and at
the boundary of the Floquet zone, ε = 0 and ε = pi/T , in
Fig. 4. In both cases, there is a gap at only one of these
quasienergies, and not at the other one. Thus, the phase
4of det r is continuous in the case (a) at ε = 0, but not
at ε = pi/T , and the reverse is true in the case (b). The
winding numbers of the continuous det r curves are easily
read off, and give the expected values of 1 and 2. We show
the same quantities for the case with complete disorder,
w = pi, in Fig. 5. Due to complete Anderson localization,
both cases have bulk mobility gaps, and smooth curves
of arg det r at all quasienergies. The winding numbers
of the curves are W = 1 and W = 2, in line with our
expectations.
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